Abstract -We show, via a solution of the quasi-onedimensional two-body problem applied to a Dirac system, that excitonic effects suppress the onedimensional Van Hove singularity in single-walled carbon nanotubes with narrow band gaps.
INTRODUCTION
Carbon nanotubes (CNTs) are believed to be promising candidates for various terahertz (THz) applications [1, 2, 3, 4, 5, 6, 7] . For example, one of the earliest proposals, which is most relevant to this conference, discussed CNT-based THz antenna [8] . Another interesting application, which is worth mentioning, is the use of CNT paper as a saturable absorber for short-pulse optical amplifiers [9] , which are the key elements in optics-based THz generation schemes. Notably, the CNT-based saturable absorber is free of natural limitations existing in its semiconductor predecessors [10] .
The presented work is related to the application proposals based on direct interband THz transitions in narrow-band (quasi-metallic) CNTs, focusing on hitherto overlooked excitonic effects. Optical transitions and excitons in semiconductor carbon nanotubes have been a subject of extensive research [11] . Significantly less is known about the dipole transitions across narrow gaps in quasi-metallic carbon nanotubes and excitonic effects associated with these transitions. The small band gaps, which cannot be obtained within a simple graphene zonefolding model, appear in quasi-metallic nanotubes due to curvature effects [11] . A band gap can also be opened in a truly metallic (armchair) nanotube by a magnetic field. We have shown [6, 12] that the same physical effects, which lead to opening of the gaps, also result in allowed dipole optical transitions, which are strongly suppressed away from the band edge. A combined effect of the sharp frequency dependence of the transition matrix element and the Van Hove singularity in the onedimensional density of states results in strong lightmatter coupling even in the absence of excitons [13] .
A typical curvature-induced band gap in a quasimetallic nanotube lies in the highly thought-out THz frequency range, leading to proposals [6, 7] of using this type of carbon nanotubes as THz emitters and detectors. It is known, however, that excitonic effects dominate the optical spectra of semiconductor carbon nanotubes [11, 14] characterized by the exciton binding energy reaching up to 1eV and by strongly-bound dark exciton states preventing any meaningful photonic applications. Therefore, evaluating the feasibility of the proposed THz applications requires an understanding of the role of excitonic effects in narrow-gap nanotubes.
In what follows we calculate the exciton binding energy in narrow band gap single-walled carbon nanotubes, accounting for the quasi-relativistic dispersion of electrons and holes. Solutions of the quantum relativistic two-body problem are obtained for several limiting cases. We show that the binding energy scales with the band gap and conclude on the basis of the data available for semiconductor nanotubes that there is no transition to an excitonic insulator in quasi-metallic nanotubes and that their proposed THz applications are feasible.
Depending on the environment, e.g., the presence of a metallic gate and the free-carrier density, excitons can be either described by a shortrange electron-hole interaction potential [15] or by an unscreened cusp potential, similar to that considered by Loudon in the 1950s [16] . Our analysis shows that the Loudon potential is a good fit for the quasi-one-dimensional Coulomb potential, obtained by averaging the three-dimensional Coulomb potential with the envelope functions. We report exact analytic solutions for the quasi-relativistic Loudon problem for an exciton with a zero total momentum along the nanotube axis. The complex four-component structure of the electron-hole relative motion wavefunction, which is obtained when two graphene sublattices and two types of particles are taken into account, results in a counterintuitive dip in the shape of the particle density distribution within the exciton.
The vanishing exciton binding energy with decreasing the energy gap removes for narrow-gap nanotubes the undesirable effect of strongly-bound dark excitons, which is known to suppress optical emission in semiconductor nanotubes. How-978-1-4673-5707-4/13/$31.00 ©2013 IEEE ever, the Coulomb interaction remains important as it smears the Van Hove singularity in the onedimensional density of states [17] . We report the resulting shape of the terahertz emission from narrow-gap carbon nanotubes with the Coulomb effects taken into account, for both the long-range and short-range interaction models.
The same frequency range, which is responsible for interband THz transitions in narrow-gap carbon nanotubes, also corresponds to the localised plasmon resonance associated with free carriers [18, 19] . Notably, the free-carrier absorption is an undesirable effect for applications based on inter-band transitions. For a realistic structure containing an array of narrow-gap nanotubes with either optically excited or electrically-injected non-equilibrium carriers, the THz gain associated with interband transition should be compared with the free-carrierabsorption-induced loss, which also has a maximum at THz frequencies. However, in what follows we neglect the free-carrier absorption and concentrate on excitonic effects only.
TWO-BODY HAMILTONIAN
The low-energy spectrum of a narrow gap carbon nanotube is well described by a single particle matrix Hamiltonian
where v F is the graphene Fermi velocity, 2hv F |Δ| is the bandgap and the momentum operatorp x acts along the nanotube axis. The two-body Hamiltonian can be written [20, 15] aŝ
where the indices A and B are related to the two sublattices of the graphene sheet, which is rolled into a nanotube.
We move into relative and center-of-mass coordinates x = x e − x h and X = 1 2 (x e − x h ) respectively, and seek a wavefunction in the form Ψ ij (X, x) = e iKX φ ij (x). Considering the case of a static exciton K = 0 with an interaction potential V (x), we arrive at the following system of equations
where the scaled eigenenergy is ε = E/hv F and the scaled interaction potential is U (x) = V (x)/hv F . We define the exciton binding energy to be ε B = |ε|−|2Δ|, which describes both bound states (ε B < 0) and states in the continuum (ε B > 0).
MODEL POTENTIALS
We shall investigate the quasi-one-dimensional Coulomb potential in two different forms, firstly via the long-range interaction [16] 
where a is the cut-off length, and as a counterpart to describe the effects of screening we utilize the short-range interaction [21] 
with parameters u 0 and d describing the depth and spread of the potential, respectively. Notably, both of these problems can be solved exactly in the single-particle picture of equation (1), as we shall see.
Solutions of single particle models
We make the unitary transform U = 1 1 1 −1 with Eq. (1) and obtain the following system of equations
(6) We shall consider bound states (|ε| < |Δ|) in both the long-ranged Eq. (4) and short-ranged Eq. (5) Coulomb interaction models respectively.
Long-range interaction
Upon substitution of Eq. (4) into Eq. (6), the wavefunction component ψ 1 (x) in the region x > 0 satisfies the Whittaker differential equation [22] in the variable ξ = 2k(a + x), where
where μ = εU 0 k , ν = iU 0 − 1 2 with the convergent asymptotic solution W μ,ν (ξ), the Whittaker function of the second kind. One can then proceed to find the following full solution to Eq. (1): in region I (x > 0) we find
similarly in region II (x < 0) it follows
where now ξ = 2k(a + |x|). Matching the solutions Eq. (8) and Eq. (9) at the origin, we find the ratio of constants c II /c I = ±i; and bound state eigenvalues must be determined from the transcendental equation
where
The associated transmission problem is also tractable, the results have been given in [23] .
Short-range interaction
Considering a screened Coulomb potential [24, 25] defined by Eq. (5), we find in region I the following solution to Eq. (6)
where ξ = 2iu 0 de −|x|/d and 1 F 1 (α, β, z) is the confluent hypergeometric function of the first kind [22] , or Kummer function. The coupled Eqs. (6) suggest the following solution in region II
The continuity of the wavefunction at the interface x = 0 implies the following transcendental equation must hold for bound states to form in the gap
where ξ 0 = 2iu 0 d. This equation can be solved using the usual root-finding methods.
These solutions, Eqs. (8-10) and Eqs. (11) (12) (13) , are invaluable as a guide for solving the associated two-body problem, which is necessary for calculations of absorption coefficient via the Elliot formula, and extend the number of analytical results recently found for Dirac Hamiltonians [26, 27] .
OPTICAL ABSORPTION
An electron-hole pair influenced by a Coulomb interaction gives rise to both bound and scattering states. In the 1950s, Elliot showed in a pioneering work the exciton eigenvalue problem is directly related to optical absorption α(ω) through his eponymous formula [28] . In Fig. 1 we show graphically the absorption coefficient as calculated from the Elliot formula with long-range interaction Coulomb potential Eq. (4). Of course, the main effect of the Coulomb interaction is to create bound states, represented by quasi-Rydberg absorption lines, but importantly the ionization continuum is also impacted through the Sommerfeld factor [17] . One notices a dominant exciton peak line and a secondary, much smaller peak before further lines which are not resolvable. In the continuum, the vanishing Sommerfeld factor ensures the Van Hove singularity in the density of states does not appear.
To understand the opposite limit of a strongly screened Coulomb interaction, described by Eq. (5), it makes sense to choose the potential parameters so that only one bound state exists. The result is shown in Fig. 2 .
Notably, the Sommerfeld factor has a very similar frequency dependence and the Van Hove singularity remains suppressed.
CONCLUSION
We have used the formalism of a quasi-relativistic two-body problem to calculate optical absorption via the Elliot formula for narrow band gap carbon nanotubes, finding that the one-dimensional Van Hove singularity is supressed by excitonic effects for both long-range and short-range electron-hole interaction potentials.
